Abstract. Over the last 10 years or so, advanced statistical properties, including exponential decay of correlations, have been established for certain classes of singular hyperbolic flows in three dimensions. The results apply in particular to the classical Lorenz attractor. However, many of the proofs rely heavily on the smoothness of the stable foliation for the flow.
Introduction
Singular hyperbolicity is a far-reaching generalization of Smale's notion of Axiom A [53] that allows for the inclusion of equilibria (also known as singular points or steady-states) and incorporates the classical Lorenz attractor [31] as well as the geometric Lorenz attractors of [1, 24] . For three-dimensional flows, singular hyperbolic attractors are precisely the ones that are robustly transitive, and they reduce to Axiom A attractors when there are no equilibria [42] .
For the classical Lorenz attractor, strong statistical properties such as exponential decay of correlations, central limit theorems, and associated invariance principles have been established in [6, 7, 8, 26] . However the proofs rely heavily on the existence of a smooth stable foliation for the flow. Various issues regarding the existence and smoothness of the stable foliation are clarified in [7] ; a topological foliation always exists, and an analytic proof of smoothness of the foliation for the classical Lorenz attractor (and nearby attractors) is given in [7, 8] . Even for three-dimensional flows, the stable foliation for a singular hyperbolic attractor need not be better than Hölder. In this paper, we consider statistical properties for singular hyperbolic attractors that do not have a smooth stable foliation. We do not restrict to three-dimensional flows, but our main results assume that the stable foliation has codimension two.
Main results. For codimension two singular hyperbolic attracting sets, we prove that the stable foliation is at least Hölder continuous, and using Pesin theory [14] we deduce that the stable holonomies are absolutely continuous with Hölder Jacobians. As a consequence of this, we obtain that the stable holonomies for the associated Poincaré map are C 1+ǫ (since they are one-dimensional with Hölder Jacobians). This extends results of [1, 50, 52 ] who obtain a C 1 result for geometric Lorenz attractors (see the discussion after equation (6) in [45] ). Quotienting out by the stable foliation, we obtain a C 1+ǫ one-dimensional expanding map. We can now proceed following [10] to obtain a spectral decomposition for the singular hyperbolic attracting set.
To study statistical properties, we can restrict to nontrivial singular hyperbolic attractors. In the Axiom A case, the central limit theorem and law of the iterated logarithm, together with their functional versions, are well-known [17, 39, 48] and we extend these results to general (codimension two) singular hyperbolic attractors.
Mixing and rates of mixing for Axiom A attractors are less well-understood even today, but an open and dense set of Axiom A attractors have superpolynomial decay of correlations [18, 19] . We show that the same result holds for singular hyperbolic attractors. In fact, for singular hyperbolic attractors containing at least one equilibrium and with a smooth stable foliation, mixing [32] , superpolynomial decay of correlations [8] , and exponential decay of correlations [6] are automatic subject to a certain indecomposability condition (locally eventually onto). We prove a similar result on automatic mixing when there is not a smooth stable foliation. However, automatic rates of mixing, or any results on exponential decay of correlations, seems beyond current techniques when the stable foliation is not smooth.
Example. In a recent paper, Ovsyannikov & Turaev [45] give an analytic proof of singular hyperbolic attractors in the extended Lorenz model x = y,ẏ = −λy + γx(1 − z) − δx 3 ,ż = −αz + βx 2 .
The attractors contain precisely one equilibrium, namely the origin, and are of geometric Lorenz type [1, 24] . The eigenvalues of the linearized equations at the equilibrium are close to −1, −1 and 1 (up to a scaling) for the parameters considered in [45] , so the standard q-bunching condition [7, 34] guaranteeing a C q stable foliation holds only for q close to zero. In this situation it is anticipated that the foliation fails to be C 1 except in pathological cases. In particular, previous results on statistical properties for singular hyperbolic flows do not apply. However, the results in the present paper do not require a smooth foliation. It follows that the attractors in [45] satisfy the (functional) central limit theorem and law of the iterated logarithm. Moreover, there is an open set U within the space of C 2 flows on R 3 , containing the extended Lorenz examples of [45] , that satisfy these statistical limit laws. In addition, an open and dense set of flows in U have superpolynomial decay of correlations.
Spectral decompositions. Whereas the results on statistical properties for singular hyperbolic flows in this paper are completely new, we note that there are existing results on spectral decompositions [10, 30] . The decomposition in [10] is for threedimensional flows and our method extends [10] in the more general codimension two situation. The method in [30] works directly with the flow and does not require the codimension two restriction. However [10, 30] both make liberal use of Pesin theory, including results that seem currently unavailable in the literature. The main issue, as clarified in [7] , is that a priori the stable lamination over a partially hyperbolic attracting set Λ need not cover a neighborhood of Λ. The stable bundle extends to an invariant contracting bundle over a neighborhood U ⊃ Λ and this integrates to a topological foliation of U. However, the complementary center-unstable bundle does not extend invariantly, so the resulting extended splitting is not invariant. This means that the application of Pesin theory in [10, 30] is inaccurate. It is likely that the desired results hold (some aspects were extended to noninvariant splittings already in [7] ) but currently the arguments seem incomplete.
In this paper, we make the approach in [10] completely rigorous by bypassing the issue of noninvariance of the extended splitting. Theorem 5.1 below shows that a fortiori the stable bundle restricted to Λ integrates to a topological foliation. This relies heavily on the special structure associated to a codimension two singular hyperbolic attracting set and uses also the information about the extended bundle [7] . Consequently, we can work with the nonextended splitting which is invariant and Pesin theory applies. Also, using [47] we show that the foliation is Hölder which simplifies the arguments in [10] .
Sectional hyperbolicity. Finally, we remark on the restriction to singular hyperbolic attracting sets that are codimension two. The natural setting in general is to consider sectional hyperbolic attracting sets [41] (in the codimension two case, sectional and singular hyperbolicity are the same). The proof of Theorem 5.1 (specifically Proposition 5.2) relies on the restriction to codimension two. Nevertheless, we expect that in the sectional hyperbolic setting, our results on the stable foliation should go through largely unchanged (after adapting various arguments to deal with the noninvariant splitting). However, the quotient map is higher-dimensional and so Pesin theory only gives a Hölder Jacobian; the map itself is no better than Hölder. Hence the arguments in Section 8 and 9 on spectral decompositions and statistical properties break down; this remains the subject of future work.
. The remainder of the paper is organized as follows. In Section 2, we review background material on partially hyperbolic attracting sets and singular hyperbolicity, and recall results on stable foliations from [6] . In Section 3, we construct a global Poincaré map f associated to any partially hyperbolic attracting set, following (and modifying) the construction in [10] . Section 4 establishes that f is uniformly hyperbolic (with singularities) when the attracting set is singular hyperbolic.
In Section 5, we show that the stable lamination over an attracting codimension two singular hyperbolic set is a topological foliation. In Section 6, we establish Hölder regularity and absolute continuity of the stable foliation, and show that the stable holonomies have Hölder Jacobians. Using this, we obtain a uniformly expanding piecewise C 1+ǫ quotient mapf in Section 7. Finally, in Sections 8 and 9, we prove results on spectral decompositions, statistical limit laws, and rates of mixing, forf , f , and the underlying flow.
Notation. Let (M, d) be a metric space and η ∈ (0, 1).
Singular hyperbolic attracting sets
In this section, we define what is understood as a singular hyperbolic attracting set. Throughout this paper, we restrict mainly to the case where the center-unstable subspace is two-dimensional.
Let M be a compact Riemannian manifold and X r (M), r > 1, be the set of C r vector fields on M. Let Z t denote the flow generated by G ∈ X r (M). Given a compact invariant set Λ for G ∈ X r (M), we say that Λ is isolated if there exists an open set U ⊃ Λ such that Λ = t∈R Z t (U). If U can be chosen so that Z t (U) ⊂ U for all t > 0, then we say that Λ is an attracting set. Definition 2.1. Let Λ be a compact invariant set for G ∈ X r (M). We say that Λ is partially hyperbolic if the tangent bundle over Λ can be written as a continuous
where d s = dim E s x ≥ 1 and d cu = dim E cu x = 2 for x ∈ Λ, and there exist constants C > 0, λ ∈ (0, 1) such that for all x ∈ Λ, t ≥ 0, we have
• uniform contraction along E s :
• domination of the splitting:
We refer to E s as the stable bundle and to E cu as the center-unstable bundle. A partially hyperbolic attracting set is a partially hyperbolic set that is also an attracting set.
Definition 2.2. The center-unstable bundle E cu is volume expanding if there exists
If σ ∈ M and G(σ) = 0, then σ is called an equilibrium. An invariant set is nontrivial if it is neither a periodic orbit nor an equilibrium. Definition 2.3. Let Λ be a compact nontrivial invariant set for G ∈ X r (M). We say that Λ is a singular hyperbolic set if all equilibria in Λ are hyperbolic, and Λ is partially hyperbolic with volume expanding center-unstable bundle. A singular hyperbolic set which is also an attracting set is called a singular hyperbolic attracting set.
Remark 2.4. A singular hyperbolic attracting set contains no isolated periodic orbits. For such a periodic orbit would have to be a periodic sink, violating volume expansion.
A subset Λ ⊂ M is transitive if it has a full dense orbit, that is, there exists x ∈ Λ such that cl {Z t x : t ≥ 0} = Λ = cl {Z t x : t ≤ 0}. Definition 2.5. A singular hyperbolic attractor is a transitive singular hyperbolic attracting set. Proposition 2.6. Suppose that Λ is a singular hyperbolic attractor with d cu = 2, and let σ ∈ Λ be an equilibrium. Then σ is Lorenz-like. That is, DG(σ)|E cu σ has real eigenvalues λ s ,
Proof. It follows from Definition 2.3 that σ is a hyperbolic saddle and that at most two eigenvalues have positive real part. If there is only one such eigenvalue λ u > 0 then the constraints on λ s follow from volume expansion. Let γ be the local stable manifold for σ. It remains to rule out the case dim γ = dim M − 2. In this case,
p (see for example [9, Lemma 6.1]), so we deduce that G(p) = 0 for all p ∈ γ ∩ Λ and hence that γ ∩ Λ = {σ}.
On the other hand, Λ is transitive and nontrivial, so there exists x ∈ Λ \ {σ} such that σ ∈ ω(x). By the local behavior of orbits near hyperbolic saddles, there exists p ∈ (γ \ {σ}) ∩ ω(x) ⊂ (γ \ {σ}) ∩ Λ which as we have seen is impossible.
We end this section by recalling/extending some results from [7] . These results hold for general d cu ≥ 2. 
Proposition 2.8. Let Λ be a partially hyperbolic attracting set. There exists a positively invariant neighborhood U 0 of Λ, and a constant λ ∈ (0, 1), such that the following are true:
(c) The family of disks {W The splitting T Λ M = E s ⊕E cu extends continuously to a splitting
where E s is the invariant uniformly contracting bundle in Proposition 2.7. (In general, E cu is not invariant.) Given a > 0, we define the center-unstable cone field,
Proposition 2.9. Let Λ be a partially hyperbolic attracting set. There exists T 0 > 0 such that for any a > 0, after possibly shrinking U 0 ,
Proposition 2.10. Let Λ be a singular hyperbolic attracting set. After possibly increasing T 0 and shrinking U 0 , there exist constants K, θ > 0 such that | det(DZ t |E 3. Global Poincaré map f : X → X In this section, we suppose that Λ is a partially hyperbolic attracting set, and recall how to construct a piecewise smooth Poincaré map f : X → X preserving a contracting stable foliation W s (X). This largely follows [10] (see also [9, Chapter 6] ) but with slight modifications; the details enable us to establish notation required for later sections. Mainly for notational convenience we restrict to the case d cu = 2.
3.1. Construction of the global cross-section X. Let y ∈ Λ be a regular point (not an equilibrium). There exists an open set (flow box) V y ⊂ U 0 containing y such that the flow on V y is diffeomorphic to a linear flow. More precisely, let D denote the (dim M −1)-dimensional unit disk and fix ǫ 0 ∈ (0, 1) small. There is a diffeomorphism χ : 
. We enlarge the set {y j } to include the points y(σ) mentioned in (iii) above. Adjust the positions of the cross-sections Σ y j if necessary so that they are disjoint, and define the global cross-section
In the remainder of the paper, we often modify the choices of U 0 and T 0 . However, the choices of V y j , Σ y j and X remain unchanged from now on and correspond to our current choice of U 0 and T 0 . To avoid confusion, all subsequent choices will be labelled U 1 ⊂ U 0 and T 1 ≥ T 0 . In particular, we suppose from now on that
3.2. Definition of the Poincaré map. By Proposition 2.8, for any δ > 0 we can choose
Hence for x ∈ X ′ , we can define
In this way we obtain a piecewise C r global Poincaré map f :
there exists a constant C > 0 such that
Proof. This is a standard result so we sketch the arguments.
for some equilibrium σ, and we define
By the Hartman-Grobman Theorem, the flow in V σ is homeomorphic (by a timepreserving conjugacy) to the linearized flowẋ = DG(σ)x = (A ⊕ E)x where A has eigenvalues with negative real part and E has eigenvalues with positive real part. After writing E in Jordan normal form, a standard and elementary argument shows that the "time of flight" of trajectories in
where Γ ′ denotes the local stable manifold of σ in the linear flow.
Finally, we can suppose without loss that ∂V σ is smooth so that the initial transition
, it follows from (3.1) that we can choose T 1 large (and
. The result follows from this by definition of W s (X) and flow invariance of W s .
Define
For x close to x 0 , it follows from continuity of the flow that f x ∈ Σ ′ (with τ (x) close to τ (x 0 )). Hence x ∈ Γ and so Γ is closed. It remains to rule out the possibility that a sequence of stable disks W s xn (X), x n ∈ Γ, accumulates on W s x 0 (X) where x 0 = lim n→∞ x n . In showing this, it is useful to note that if
There are two cases to consider:
But this is a compact submanifold of X with the same dimension d s as the stable disks, so {x n } is finite. 
We call these regions smooth strips. Note that f | S i : S i → X is a diffeomorphism onto its image and τ | S i :
Remark 3.6. In future sections, it may be necessary to increase T 1 leading to changes to f , τ , Γ and {S i } (and the constant C in Lemma 3.2). However the global crosssection X = Σ y j continues to remain fixed throughout the paper.
Uniform hyperbolicity of the Poincaré map
Let Λ be a singular hyperbolic attracting set. We continue to assume d cu = 2 for notational simplicity. In this section, we show that for T 1 sufficiently large, the global Poincaré map f : X ′ → X constructed in Section 3 is uniformly hyperbolic (with singularities). (As noted in Remark 3.6, the global cross-section X = Σ y j is independent of T 1 .) Let S ∈ {S i } be one of the smooth strips from the end of Section 3. There exist cross-sections Σ, Σ ∈ {Σ y j } such that S ⊂ Σ and f (Σ) ⊂ Σ.
The splitting
The analogous definitions apply to Σ.
For each y ∈ Σ, define the projection π y :
By finiteness of the set of cross-sections comprising X, there is a universal constant
Then using DZ t -invariance of E s on U 0 and of the flow direction,
x , using DZ t -invariance of E cu on Λ and the fact that the flow direction lies in E cu , (4.2) and the definition of π y ,
where C > 0, λ ∈ (0, 1) are as in (2.1). The first estimate in (b) is immediate for T 1 large enough. For the second estimate, define P = DZ τ (x) E cu x and write DZ τ (x) (x) : E cu x → P in coordinates corresponding to the splittings
In these coordinates, it follows from invariance and neutrality of the flow direction that
where sup x |a 22 (x)| ≤ C 2 for some constant C 2 > 0. Moreover, by (4.3),
. Hence by Proposition 2.10,
Next, for a > 0 we define the unstable cone field
Proposition 4.2. For any a > 0, λ 1 ∈ (0, 1), we can increase T 1 and shrink
The estimates in Proposition 4.1(b) hold with
Since λ 1 is arbitrarily small, the result follows with a new value of λ 1 .
Taking unions over smooth strips S and cross-sections Σ, we obtain a global continuous uniformly hyperbolic splitting
with the following properties:
Theorem 4.3. The stable bundle E s (X) and the restricted splitting
Moreover, for fixed a > 0, λ 1 ∈ (0, 1), we can arrange that
x (X, a).
The stable lamination is a topological foliation
The stable manifold theorem guarantees the existence of an Z t -invariant stable lamination consisting of smoothly embedded disks W s x through each point x ∈ Λ. For general partially hyperbolic attracting sets, there is no guarantee that {W 
We say that a u-curve γ contained in X crosses a smooth strip S if each stable leaf W s x (S) intersects γ in a unique point. Proposition 5.2. For every u-curve γ 0 there exists n ≥ 1 and a restrictionγ ⊂ γ 0 so that f n |γ :γ → f nγ is a diffeomorphism and f nγ crosses S j for some j.
Proof. We choose λ 1 ∈ (0, 1 4 ]. Let S ∈ {S 1 , . . . , S m } and let γ be a u-curve in S with length |γ|. We consider three possibilities:
(i) f γ ⊂ S i for some i. In this case |f γ| ≥ 4|γ| by Theorem 4.3.
(ii) f γ intersects ∂S i in precisely one point q. In this case at least one of the connected components of f γ \ {q} has length at least 2|γ|. (iii) f γ intersects ∂S i in at least two points. In case (iii), we are finished with n = 1. In the other cases, we can pass to a restrictioñ γ such thatγ and fγ lie in smooth strips with |fγ| ≥ 2|γ|.
By Theorem 4.3, fγ is a u-curve so we can repeat the procedure. After one such repetition, either the process has terminated with n = 2 or there is a restrictionγ such thatγ and f 2γ lie in smooth strips with |f 2γ | ≥ 4|γ|. Since X is bounded, the process terminates in finitely many steps. Proposition 5.3. There exists a finite set {p 1 , . . . , p k } ⊂ X ∩ Λ such that each p i is a periodic point for f and n≥0 f
Proof. Let γ 0 be a u-curve lying in a smooth strip. By Proposition 5.2, f n 1 γ 0 crosses a smooth strip for some n 1 ≥ 1. Moreover, there exists a restrictionγ 0 ⊂ γ 0 such that f n 1 mapsγ 0 diffeomorphically inside this strip. Applying Proposition 5.2 again, we obtain n 2 > n 1 such that f n 2 γ 0 crosses a strip. Inductively, we obtain 1 ≤ n 1 < n 2 < · · · such that f n j γ 0 crosses a strip for each n j . Since the number of smooth strips is
Since g( Proposition 5.5. For each x ∈ X there exists y ∈ X ∩ Λ such that x ∈ W s y (X). Proof. Define E = {x ∈ X : x ∈ W s y (X) for some y ∈ X ∩ Λ}. We show that E = X.
Suppose first that
Choose an open set V formed of a union of stable leaves and containing x such that f n | V : V → f n V is a diffeomorphism. By Remark 2.4, periodic points are not isolated inside X ∩ Λ, so there exists a sequence W j of stable leaves inside f n V ∩ E that converges to W
Passing to a subsequence if needed, we can assume that x ′ j → x ′ ∈ X ∩ Λ and so
(X) and so E is dense in X by Proposition 5.3.
Now for x ∈ Σ we take x k ∈ E so that x k → x. We know that
x ∈ Λ} as the stable foliation.
Hölder regularity and absolute continuity of the stable foliation
In this section, we continue to assume that Λ is a singular hyperbolic attracting set, and show that the topological foliation W s is in fact a Hölder foliation (bi-Hölder charts). Also we recall results on absolute continuity of the stable foliation. These results do not use explicitly the fact that d cu = 2; it suffices that the conclusion of Theorem 5.1 holds.
A key ingredient is regularity of stable holonomies. Let Y 0 , Y 1 ⊂ U 0 be two smooth disjoint d cu -dimensional disks that are transverse to the stable foliation W s . Suppose that for all x ∈ Y 0 , the stable leaf W 
Proof. By Theorem 5.1, we can view W s as the stable lamination corresponding to the invariant splitting T Λ M = E s ⊕ E cu for the partially hyperbolic diffeomorphism f = Z 1 . Hence we can apply [47, Theorem A']. The result in [47] is formulated slightly differently in terms of a splitting T Λ M = E s ⊕ E c ⊕ E u , but their proof covers our situation (with the invariant splitting T Λ M = E u ⊕ E cs there replaced by the symmetric situation 
The curves W s y foliate U 0 , so the curves
Hence the set {(u, ϕ y (u)) : y ∈ Y 0 } is precisely {u = const.} and so Y u = Q({u = const.}) verifying the claim.
Moreover, via the diffeomorphism Q, the angles of Y u with stable disks W s y are bounded away from zero. Hence for any u = 0, the stable holonomy
Also there is a constant L 1 > 0 such that
where C > 0 is an upper bound for the homogeneous function |x| ǫ + |y| ǫ (|x| 2 + |y| 2 ) ǫ/2 over the set of (x, y) ∈ R 2 such that |x| 2 + |y| 2 = 1. Hence χ is C ǫ .
Next,
Moreover,
Combining these estimates, we obtain (u, v)−(u 
is bounded above and below and is C ǫ for some ǫ > 0.
Proof. This essentially follows from [14 [46] after their theorem. Most of the required result is covered by [46] except that Hölder continuity of JH is not mentioned, only continuity.) 7. One-dimensional quotient mapf : X → X In this section, we continue to suppose that Λ is a singular hyperbolic attracting set with d cu = 2. Let f : X ′ → X be the global Poincaré map defined in Section 3 with invariant stable foliation W s (X). We now show how to obtain a one-dimensional piecewise C 1+ǫ uniformly expanding quotient mapf : X ′ → X.
We begin by analysing the stable holonomies for f . Let γ 0 , γ 1 ⊂ X be two u-curves such that for all x ∈ γ 0 , the stable leaf W s x (X) intersects each of γ 0 and γ 1 in precisely one point. The (cross-sectional) stable holonomy h : γ 0 → γ 1 is given by defining h(x) to be the intersection point of W s x (X) with γ 1 . Lemma 7.1. The stable holonomy h is C 1+ǫ for some ǫ > 0.
Proof. Recall that X = Σ y j where Σ y j is the cross-section associated to the flow box V y j for each j. Since the result is local, we can suppose that γ 0 , γ 1 ⊂ Σ y j for some j and we can choose coordinates so that the local flow Z t is linear. Consider the 2-dimensional disks
, i = 0, 1, for fixed δ i > 0. These are smooth transversals to the stable foliation W s of the flow. Provided δ 0 is small with respect to δ 1 , we can then consider the holonomy
.
Hence h is absolutely continuous. Taking balls B(x, r) to be rectangles, we have for r sufficiently small
showing that JH(x) = Jh(v) for all x = (v, t). By Theorem 6.3, Jh is Hölder. But dim γ 0 = dim γ 1 = 1, so Jh = |Dh| and the result follows.
Recall that X is a union of finitely many cross-sections Σ y j , and that f is smooth on a subset X ′′ ⊂ X ′ ⊂ X which is obtained from X by removing finitely many stable leaves. Moreover, each Σ y j ∩ X ′′ is a union of finitely many connected smooth strips
For each j, let γ j ⊂ Σ y j be a u-curve crossing Σ y j . Define X = j cl γ j and X ′ = X ′ ∩ X. Given a smooth strip S ⊂ Σ y j , there exists k such that f (S) ⊂ Σ y k . Also f (γ j ) is a u-curve by Theorem 4.3. Let h : f (S ∩ γ j ) → γ k be the associated stable holonomy and definef (x) = h(f x) for x ∈ S ∩ γ j . In this way we obtain a one-dimensional mapf : X ′ → X.
Corollary 7.2. The quotient mapf : X ′ → X is piecewise C 1+ǫ and consists of finitely many monotone C 1+ǫ branches. Choosing T 1 in Section 4 sufficiently large, we have |Df | ≥ 2 on X ′ .
Proof. Since f is smooth on smooth strips and the holonomies h : f (S ∩ γ j ) → γ k are C 1+ǫ by Lemma 7.1, it follows thatf is piecewise C 1+ǫ . The collection of intervals S ∩ γ j is finite, sof has finitely many branches. By finiteness of the collection {Σ y j }, there is a constant c > 0 such that all the holonomies h considered above satisfy |Dh| ≥ c. Hence taking λ 1 sufficiently small in Theorem 4.3, we can ensure that |Df | is as large as desired.
Statistical properties forf and f
In this section, we investigate statistical properties for the (d s + 1)-dimensional Poincaré map f : X ′ → X and the one-dimensional quotient mapf : X ′ → X.
Define π : X → X Hölder by letting π(x) be the point where W s x (X) intersects X. Then π defines a semiconjugacy between f andf .
Spectral decomposition and physical measures.
Proposition 8.1. There exists a finite number of ergodic absolutely continuousfinvariant probability measuresμ 1 , . . . ,μ s whose basins cover a subset of X of full Lebesgue measure. For each j, the density dμ j /d Leb lies in L ∞ and Int suppμ j = ∅.
Proof. By Corollary 7.2,f is a piecewise C 1+ǫ uniformly expanding one-dimensional map. Hence, most of the result is immediate from [27, Theorem 3.3] . We refer to [51, Lemma 3.1] for the fact that Int suppμ j = ∅.
Corollary 8.2.
There exists a finite number of ergodic f -invariant probability measures µ 1 , . . . , µ s whose basins cover a subset of X of full Lebesgue measure. Moreover, π * µ j =μ j for each j.
Proof. This follows from the existence of the stable foliation W s (X) (here, the fact that it is a topological foliation suffices) combined with Proposition 8.1. For details, see [10, Sections 6.1 and 6.2].
8.2.
Existence of an inducing scheme. In this subsection, we suppose without loss that there is a unique absolutely continuousf -invariant measureμ in Proposition 8.1 (so s = 1). Proposition 8.3. There exists k ≥ 1 such that suppμ = X 1 ∪ · · · ∪ X k where the sets X j are permuted cyclically byf , andf k : X j → X j is mixing for each j. Moreover, for any η ∈ (0, 1), there exist constants c, C > 0 such that
Proof. This is immediate from the quasicompactness of the transfer operator forf which is established in [27, Theorem 3.3] . Indeed the result in [27] is proved for the class of functions with finite η-variation (for all η > 0 sufficiently small). This includes observables that are C η .
For ease of exposition, we suppose for the remainder of this subsection that k = 1 and X 1 = X. Recall that a one-dimensional map F : Y → Y is a full branch GibbsMarkov map if there is an at most countable partition α of Y and constants C > 0, ǫ ∈ (0, 1] such that for all a ∈ α,
• F | a : a → Y is a measurable bijection, and Proof. By Proposition 8.1,μ is an ergodic absolutely continuous invariant probability measure on X with dμ/d Leb ∈ L ∞ . The result follows from Theorem A.1 provided we verify thatμ is expanding and that conditions (C0)-(C3) hold. Let S denote the finite set consisting of singularities/discontinuities off . Conditions (C0) and (C3) are redundant sincef is one-dimensional. Conditions (C1) and (C2) become
for all x, x ′ ∈ X \S, where η ∈ (0, 1) and C, q > 0 are constants.
it is immediate from (C1) that log |(Df ) −1 | is integrable with respect toμ. Also log |(Df ) −1 | dμ ≤ log < 0 by Corollary 7.2, soμ is an expanding measure. It remains to verify conditions (C1) and (C2). Note that they are trivially satisfied for functionsf with Df Hölder and bounded below. Hence they are satisfied away from S and also near all discontinuity points in S.
By Proposition 2.6, it remains to consider singularities x 0 ∈ X corresponding to Lorenz-like equilibria σ. The Poincaré map f can be written near
where g corresponds to the flow near σ and h 1 , h 2 are the remaining parts of the Poincaré map. In particular Dh j is Hölder and bounded below for j = 1, 2.
Suppose first that the flow is C 1+ǫ -linearizable for some ǫ > 0 in a neighborhood of σ. Incorporating the linearization into h 1 and h 2 , we can suppose without loss that the flow is linear in a neighborhood of σ. Hence the flow is given by x → e tA x where A = λ u ⊕ λ s ⊕ B with −λ u < λ s < 0 < λ u and B = DG(σ)|E s σ . A standard calculation shows that in suitable coordinates,
Since Dh j is bounded above and below, it follows from the chain rule that
Hence, there exists η ∈ (0, 1) such that
To complete the proof, we remove the assumption that the flow near σ is C 1+ǫ -linearizable. By the center manifold theorem (eg. [34, Theorem 5.1]), locally we can choose a flow-invariant C 1+ǫ two-dimensional manifold W tangent to E cu σ (for some ǫ > 0). Note that the quotient of g|W coincides withḡ. By a result of Newhouse [44] (stated previously but without proof in [25] ), the flow restricted to W (being twodimensional) can be C 1+ǫ ′ linearized for some ǫ ′ > 0. The proof now proceeds as before.
Remark 8.5. Since we have exponential decay of correlations in Proposition 8.3, there is the hope of obtaining an induced Gibbs-Markov map as in Lemma 8.4 but with exponential tails for ρ. (We note that Theorem A.1(2) which would give stretched exponential tails does not apply because the density dμ/d Leb is not bounded below.) In certain situations, it is possible to construct an inducing scheme with exponential tails by using different methods, controlling the tail of hyperbolic times and relating this with the tail of inducing times more directly [22, 5, 11] . One repercussion of the existence of such an inducing scheme would be that the error rate in the scalar ASIP in Theorem 8.7 below would be improved to n ǫ for ǫ > 0 arbitrarily small [29] . In addition, the error rate in the vector-valued ASIP would be improved to n 1 4 +ǫ for ǫ > 0 arbitrarily small [23] .
However, our construction here with superpolynomial tails holds in complete generality and suffices for our results on singular hyperbolic flows in Section 9, so we do not pursue this further. Proposition 8.6. There is a constant C > 0 such that
Proof. It follows from the proof of Lemma 8.4 that the roof function τ :
u log |h 2 x| + t(x) whereh 2 and t are C 1+ǫ . Hence
and the result follows from (A.1).
8.3. Statistical limit laws for the Poincaré map. By Corollary 8.2, there is a unique ergodic f -invariant probability measure µ on X corresponding toμ, with π * µ =μ.
n dµ exists. Suppose that σ 2 > 0. Then the following limit laws hold.
ASIP [16] : There exists a probability space Ω supporting a sequence of random variables {S n , n ≥ 1} with the same joint distributions as {v n , n ≥ 1}, and a sequence {Z n , n ≥ 1} of i.i.d. random variables with distribution N(0, σ 2 ), such that
Berry-Esseen [21] : There exists C > 0 such that
for all a ∈ R, n ≥ 1.
local limit theorem [21] : Suppose that v is aperiodic (so it is not possible to write v = c + g − g • f + λq where c ∈ R, λ > 0, g : X → R measurable and q : Z → R). Then for any bounded interval J ⊂ R, ) and a probability space Ω supporting a sequence of random variables {S n , n ≥ 1} with the same joint distributions as {v n , n ≥ 1}, and a sequence {Z n , n ≥ 1} of i.i.d. random variables with distribution N(0, Σ), such that
Proof. Letμ Y denote the unique absolutely continuous invariant probability measure for the Gibbs-Markov map F : Y → Y . In the proof of Corollary 8.2, we used an argument from [10] which constructs µ on X starting fromμ on X. The same argument constructs an ergodic F -invariant probability measure µ Y on Y starting fromμ Y . Using F : Y → Y and ρ : Y → Z + as given in Lemma 8.4, we define the "one-sided" Young tower mapf ∆ :∆ →∆, 
The projection π : X → X extends to a semiconjugacy π : ∆ →∆ given by π(y, ℓ) = (πy, ℓ), and π * µ ∆ =μ ∆ . Moreover, the projection
is a semiconjugacy from f ∆ to f and π ∆ * µ ∆ = µ. The separation time s(y, y ′ ) of points y, y ′ ∈ Y is the least integer n ≥ 0 such that F n y and F n y ′ lie in distinct elements of the partition α. This extends to∆ by setting s((y, ℓ), (y ′ , ℓ ′ )) = s(y, y ′ ) when ℓ = ℓ ′ and zero otherwise, and then to ∆ by setting s(p, p ′ ) = s(πp, πp ′ ). For each θ ∈ (0, 1), define the symbolic metric d θ on∆ given by d θ (p, p ′ ) = θ s(p,p ′ ) . Given w :∆ → R, we define
Let λ 1 ∈ (0, 1) be as in Propositions 4.1 and 4.2, and set θ = λ η/2
Suppose that the claim is true. Since∆ is a one-sided Young tower [54] with superpolynomial tails (in fact β > 2 suffices here) and v θ < ∞, it follows thatv satisfies all of the desired statistical properties by the mentioned references. These are inherited (since π is measure-preserving) byv
Since χ ∈ L ∞ , the properties are inherited by v • π ∆ : ∆ → R d and thereby v (since π ∆ is measure-preserving).
It remains to verify the claim. Define χ :
For p = (y, ℓ), using Proposition 4.1(a), we have
Hence we can writev =v • π wherev :
where
for all j ≤ n. Hence
), (8.2) and so
) and so v θ < ∞ as claimed.
Remark 8.8. The ASIP and vector-valued ASIP have numerous consequences summarised in [43, p. 233 ]. These include the central limit theorem (CLT); the functional CLT, also known as the weak invariance principle; the (functional, vector-valued) law of the iterated logarithm (LIL); upper and lower class refinements of the LIL and Chung's LIL.
Remark 8.9. The nondegeneracy assumption σ 2 > 0 fails only on a closed subspace of infinite codimension in the space of C η observables. Indeed if σ 2 = 0 and x ∈ X is a periodic point, then there exists N ≥ 1 such that [8, Theorem B] for such a result in a more difficult context.) Similar comments apply to the covariance matrix Σ in the vector-valued ASIP. Taking one-dimensional projections, we obtain that the nondegeneracy assumption det Σ > 0 fails only on a closed subspace of infinite codimension.
Statistical properties of singular hyperbolic attractors
In this section, we investigate statistical properties of the flow Z t on a codimension two singular hyperbolic attracting set. We begin by modifying the Poincaré section so that the roof function τ becomes constant along stable leaves.
Let X be the union of u-curves in Section 7 and define
is a Hölder-embedded cross-section and we obtain a new Poincaré map f ′ : X ′ → X ′ with return time function τ ′ : X ′ → R + . We also define the quotient mapf ′ = h • f ′ : X → X where h is the stable holonomy in X ′ .
Proposition 9.1. τ ′ is constant along stable leaves in W s andf ′ =f .
Proof. For fixed x ∈ X, set T 0 = τ (x). The stable foliation W s is invariant under the
In this section, we work with the new Poincaré map and roof function which we relabel f : X → X and τ : X → R + . In doing so we lose the smoothness properties of f and τ -they are now only piecewise Hölder. However we gain the property that τ is constant along the stable foliation in X. Sincef : X → X is unchanged; we still have thatf is piecewise C 1+ǫ and the results onf in Section 7 and the physical measures and statistical properties in Section 8 remain valid.
Define the suspension
and the suspension flow (x, u) → (x, u + t) (computed modulo identifications).
For each µ j in Corollary 8.2, we obtain an ergodic flow-invariant probability measure µ
j is an ergodic Z t -invariant probability measure on M.
By [10, Section 7] , these form a finite family of physical measures µ M,j for the flow Z t whose basins cover a subset of U 0 of full Lebesgue measure. Suppose without loss that there is a unique physical measure µ M = π τ * µ X . Recall thatμ X is mixing up to a finite cycle of length k ≥ 1. By shrinking the cross-section X we may suppose without loss thatμ X is mixing and hence that µ X is mixing.
Define the induced roof function
Proof. A standard general calculation shows that
In particular, since ρ has superpolynomial tails and τ has at most logarithmic singularities, there is a constant c > 0 such that
Recall that F : Y → Y is a Gibbs-Markov map with partition α and separation time s(y, y ′ ).
Proposition 9.3. There exists θ ∈ (0, 1) and C > 0 such that
for all y, y ′ ∈ a, a ∈ α.
Proof. We can write τ = τ 0 + τ 1 where τ 0 is as in previous sections and in particular satisfies the estimate Proposition 8.6, and τ 1 is C ǫ . Setting θ = 2 −ǫ and using uniform expansion off ,
Combining this with the estimate for τ 0 , we obtain that
) and the result follows. 9.1. Statistical limit laws for the flow. If Λ = supp µ M contains no equilibria, then Λ is a nontrivial hyperbolic basic set for an Axiom A flow and the CLT for Hölder observables follows from [48, 39] . Moreover, [17] obtains a version of the (scalar) ASIP that implies the functional CLT and functional LIL. When Λ contains equilibria, these results still hold by [26] . As pointed out in [13] , a simpler argument than in [26] is to add extra layers to the tower ∆ and redistribute the roof function so that τ becomes bounded. More precisely, defineρ|a = 1+[sup a ϕ+C] where C is the constant in Proposition 9.3. Form the one-sided tower ∆ using F and τ , and defineτ
:
Since ϕ(y) = ρ(y)−1 ℓ=0τ (y, ℓ), the flow can be modelled by the suspension flow on the suspension ∆τ .
Sinceρ ≤ 1 + ϕ + C, it follows from Proposition 9.2 thatρ has superpolynomial tails. Hence the functional CLT/LIL still holds for Lipschitz observables on∆. Also, τ θ < ∞. Hence the CLT and functional LIL for the flow follow from [39] and the functional CLT for the flow follows as in [40] (see also [20, Theorem 3.3] ).
9.2. Mixing and superpolynomial mixing for the flow.
Theorem 9.4. There is a C
2 -open and C ∞ -dense set of singular hyperbolic flows such that each nontrivial attractor Λ is mixing with superpolynomial decay of correlations: for any β > 0,
for all v, w : M → R such that one of v or w is C ∞ and the other is Hölder. Here C is a constant depending on v, w and β.
Proof. If Λ = supp µ M contains no equilibria, then Λ is uniformly hyperbolic and the result is due to [18, 19] . The general case follows essentially from [35, 36] .
More precisely, we have seen that the semiflow and flow is modelled as a suspension over a Young tower with superpolynomial tails. Using the induced roof function ϕ : Y → R + , we obtain a suspension Y ϕ over the uniformly hyperbolic map F : Y → Y where the roof function ϕ : Y → R + has superpolynomial tails. We are now in a position to apply [12, Theorem 3.1] (see also [37, Theorem 4.1] ). Conditions (3.1) and (3.2) in [12] follow from Propositions 4.1 and 4.2. Moreover, ϕ is constant along stable leaves by Proposition 9.1 and projects to a well-defined roof function ϕ : Y → R + satisfying the estimate in Proposition 9.3 which is condition (3.3) in [12] . Hence the suspension flow on Y ϕ is a skew product Gibbs-Markov flow in the terminology of [12] . Hence superpolynomial mixing follows from [12, Theorem 3.1] subject to a nondegeneracy condition (absence of approximate eigenfunctions).
Finally, it is shown in [19] We have already seen that statistical limit laws such as the CLT hold for all singular hyperbolic flows. In the situation of Theorem 9.4, we can obtain such results also for the time-one map of a singular hyperbolic flow.
Corollary 9.5. Assume that Z t : Λ → Λ has superpolynomial decay of correlations as in Theorem 9.4. Let v : M → R be C ∞ (or at least sufficiently smooth) with mean zero. Then the ASIP holds for the time-one map Z 1 for all C ∞ observables v : M → R.
In particular, the limit σ 2 = lim n→∞ n A j + O(n 1/4 (log n) 1/2 (log log n) 1/4 ), a.e.
Moreover, if σ 2 = 0, then for every periodic point q ∈ Λ, there exists T > 0 (independent of v) such that Proof. This is proved in the same way as [8, Theorems B and C].
In the case of the classical Lorenz attractor, it was shown in [32] and [8] that mixing and superpolynomial mixing is automatic. The proof exploits the locally eventually onto (l.e.o.) property as well as smoothness properties of the stable foliation. We now show that the mixing argument in [32] does not require the stable foliation to be smooth. In the general situation of this paper, we assume hypotheses that are more complicated to state but which are implied by l.e.o. for the classical Lorenz attractor.
We require that Λ contains at least one equilibrium. Let q ∈ S be the corresponding singularity forf : X → X. Assume that the set of preimages of q under iterates of f is dense in X. Proof. We sketch the proof following [32] . By [49] , it suffices to show that the quotient suspension semiflowf In the remainder of this appendix, we indicate the modifications to the argument in [3] required to obtain the corrected version of Theorem A.1.
We begin by noting that a consequence of (C1) and (C2) is that log Df (x) −1 − log Df (y) for all x, y ∈ M \ S.
Combined with (C3), this means that the C 1+ version of the C 2 set up in [2, 4] is satisfied. It is well-known, and routine, that the theory of hyperbolic times and the resulting constructions in [2, 4] work just as well in the C 1+ setting. Hence as in [3] , it suffices to verify the hypotheses of [4, Theorem 2] . This all proceeds exactly as in [3] Proof. We can suppose without loss that α < 2q.
Let x, y ∈ M. It is immediate that |φ 1,k (x)| ≤ k and that |φ 1,k (x) − φ 1,k (y)| ≤ 2k. Also, by (C2), assuming without loss that φ 1,k (x) ≤ φ 1,k (y), We have shown that φ 1,k C η ′ = O(k + e αk ) = O(e αk ) as required.
